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Stimulated emission and absorption are two fundamental processes of light-matter interaction,
and the coefficients of the two processes should be equal in general. However, we will describe
a generic method to realize significant difference between the stimulated emission and absorption
coefficients of two nondegenerate energy levels, which we refer to as nonreciprocal transition. As a
simple implementation, a cyclic three-level atom system, comprising two nondegenerate energy levels
and one auxiliary energy level, is employed to show nonreciprocal transition via a combination of
synthetic magnetism and reservoir engineering. Moreover, a single-photon nonreciprocal transporter
is proposed using two one dimensional semi-infinite coupled-resonator waveguides connected by an
atom with nonreciprocal transition effect. Our work opens up a route to design atom-mediated
nonreciprocal devices in a wide range of physical systems.
Introduction.— According to Einstein’s phenomeno-
logical radiation theory [1], the absorption coefficient
should be equal to the stimulated emission coefficient be-
tween two nondegenerate energy levels. When the spon-
taneous emission can be neglected, a two-level system
undergoes optical Rabi oscillations under the action of
a coherent driving electromagnetic field [2]. However,
can we make the absorption coefficient different from the
stimulated emission coefficient for the transition between
two energy levels with different eigenvalues, i.e., non-
reciprocal transition between two nondegenerate energy
levels? The answer is YES. In this paper, we describe
a generic method to realize nonreciprocal transition be-
tween two nondegenerate energy levels, and show that
the absorption and stimulated emission coefficients can
be controlled via a combination of synthetic magnetism
and reservoir engineering.
A theoretical research showed that [3] a combina-
tion of synthetic magnetism and reservoir engineering
can be used to implement nonreciprocal photon trans-
mission and amplification in coupled photonic systems,
and this has been confirmed by a recent experiment [4].
Based on a similar mechanism, many different schemes
for nonreciprocal photon transport are proposed theo-
retically [5–8] and implemented experimentally [9–12].
Synthetic magnetism is an effective approach to achieve
non-reciprocal transport of uncharged particles, such as
photons [13–16] or phonons [17, 18], for the potential
applications in simulating quantummany-body phenom-
ena [19–25], and creating devices robust against disorder
and backscattering [26–29]. Reservoir engineering [30]
has been a significant subject for generating useful quan-
tum behavior by specially designing the couplings be-
tween a system of interest and a structured dissipa-
tive environment, such as cooling mechanical harmonic
oscillators [31], synthesise quantum harmonic oscillator
state [32], and generating state-dependent photon block-
ade [33], stable entanglement between two nanomechan-
ical resonators [34, 35], and squeezed states of nanome-
chanical resonators [36, 37].
In this paper, we introduce the concept of nonreciproc-
ity to investigate the transitions between different energy
levels, and generalize the general strategy for nonrecip-
rocal photon transmission [3] to the atomic systems to
achieve nonreciprocal transition between two nondegen-
erate energy levels. As a simple implementation, a cyclic
three-level atom system, comprising two nondegenerate
energy levels and one auxiliary energy level, is employed
to show nonreciprocal transition via a combination of
synthetic magnetism and reservoir engineering.
In application, the atomic systems with nonreciprocal
transition allow one to generate nonreciprocal devices.
In this paper, a single-photon nonreciprocal transporter
is proposed in a system of two one dimensional semi-
infinite coupled-resonator waveguides connected by an
atom based on the nonreciprocal transition effect. The
nonreciprocal transition effect provides a new routine to
design atom-mediated nonreciprocal devices in a verity
of physical systems.
General method for nonreciprocal transition.— A gen-
eral model of two nondegenerate energy levels |a〉 and |b〉
for nonreciprocal transition is shown in Fig. 1(a). There
are two distinct ways through which the two levels are
coupled to one another. The first one is they are coupled
through a coherent interaction Hcoh, which is described
by Hcoh = Ω |a〉 〈b|+Ω∗ |b〉 〈a| with coupling strength Ω.
The simplest implementation of the coherent interaction
Hcoh is driving the two levels with a coherent laser field.
The second way is that they are coupled to the
same engineered reservoir. A dissipative interaction Hdis
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FIG. 1. (Color online) (a) Schematic diagram for generating
nonreciprocal transition: two nondegenerate energy levels |a〉
and |b〉 are coupled to one another via a coherent interaction
Hcoh, and are also coupled to the same engineered reservoir.
(b) Schematic diagram for implementation of nonreciprocal
transition in a cyclic three-level atom (characterized by |a〉,
|b〉, and |c〉). A laser field (Ωabe
iΦ) is applied to drive the di-
rect transition between the two levels |a〉 and |b〉, and they are
also coupled indirectly by the auxiliary level |c〉 through two
laser fields (Ωca and Ωcb), where the decay of the level |c〉 is
much faster than the other two levels, i.e., γc ≫ max {γa, γb},
so that the auxiliary level |c〉 is served as a engineered reser-
voir.
between the two levels can be obtained by adiabati-
cally eliminating the engineered reservoir. The effective
Hamiltonian for the dissipative interaction Hdis can be
written in a non-Hermitian form as Hdis = −iγ(|a〉 〈b|+
|b〉 〈a|) with coupling strength γ. This dissipative version
of interaction can be implemented by an auxiliary energy
level, which is damping much faster than the two levels.
The details on the realization will be shown in the next
section.
Base on the two distinct ways, the total Hamiltonian
for the interaction between the two levels are
Hcoh+dis = (Ω− iγ) |a〉 〈b|+ (Ω∗ − iγ) |b〉 〈a| . (1)
When Ω = −iγ and Ω∗ 6= Ω, there is only transition
|a〉 → |b〉 but |b〉 9 |a〉. Instead, when Ω∗ = iγ and
Ω∗ 6= Ω, there is only transition |b〉 → |a〉 but |a〉9 |b〉.
Nonreciprocal transition with cyclic three-level
transition.— To make the method more concrete, we
show how to implement nonreciprocal transition in a
cyclic three-level atom, as depicted in Fig. 1(b). We
consider a cyclic three-level atom (|a〉, |b〉, and |c〉)
driven by three classical coherent fields (at rates Ωij ,
frequencies νij , phases φij , with i, j = a, b, c) that is
described by a Hamiltonian H = H0 +H1 as [38]
H0 = (∆ab − iγa) |a〉 〈a| − iγb |b〉 〈b|+ (∆cb − iγc) |c〉 〈c| ,
(2)
H1 = Ωabe
iΦ |a〉 〈b|+Ωcb |c〉 〈b|+Ωca |c〉 〈a|+H.c., (3)
where ∆ij = ωij − νij (i, j = a, b, c), ωij is the frequency
difference between levels |i〉 and |j〉; γi (i = a, b, c) is the
decay rates. We assume that νab = νcb − νca, so the de-
tuning ∆ab = ∆cb − ∆ca. The synthetic magnetic flux
Φ ≡ φab+φbc+φca is the total phase of the three driving
fields around the cyclic three-level atom and independent
of the local redefinition of the states |i〉. We note that the
synthetic magnetic flux Φ inducing circulation of popu-
lation between three energy levels has been observed in a
recent experiment [39]. Nevertheless, we consider the de-
cays of the three levels, and the decay of level |c〉 is much
faster than the other two levels, i.e., γc ≫ max {γa, γb},
so that level |c〉 is served as an engineered reservoir.
In order to show the nonreciprocal transition between
levels |a〉 and |b〉 intuitively, we can derive an effective
Hamiltonian by eliminating the level |c〉 (the engineered
reservoir) adiabatically (see the Supplemental Mate-
rial [38]), under the assumption that γc ≫ max {γa, γb}.
Then an effective (non-Hermitian) Hamiltonian only in-
cluding levels |a〉 and |b〉 is given by
Heff = (∆a − iΓa) |a〉 〈a|+ (∆b − iΓb) |b〉 〈b|
+Jab |a〉 〈b|+ Jba |b〉 〈a| , (4)
with detuning ∆a ≡ ∆ab − Ω2ca∆cb/(γ2c + ∆2cb) and
∆b ≡ −Ω2cb∆cb/(γ2c + ∆2cb), effective decay rates
Γa ≡ γa + Ω2caγc/(γ2c + ∆2cb) and Γb ≡ γb +
Ω2cbγc/(γ
2
c + ∆
2
cb), and effective coupling coefficients
Jab ≡ ΩabeiΦ − iΩcaΩcb (γc − i∆cb) /(γ2c + ∆2cb) and
Jba ≡ Ωabe−iΦ − iΩcaΩcb (γc − i∆cb) /(γ2c + ∆2cb), which
include the coherent interaction Ωabe
±iΦ coming from
the coherent driving field, and the dissipative interaction
−iΩcaΩcb (γc − i∆cb) /(γ2c +∆2cb) induced by the axillary
level |c〉. The effective coupling coefficients Jab and Jba
are dependent on the synthetic magnetic flux Φ. Under
the resonant condition ∆cb = 0, we have |Jab| < |Jba|
for 0 < Φ < pi; conversely, we have |Jab| > |Jba| as
−pi < Φ < 0. Thus, the perfect nonreciprocal tran-
sition, i.e, Jab = 0 and Jba 6= 0 (or Jba = 0 and
Jab 6= 0), is obtained when Φ = pi/2 (or Φ = −pi/2)
with Ωab = ΩcaΩcb/γc.
To understand the nonreciprocal transition further, we
take a view on the dynamical behavior of the transi-
tion probabilities between levels |a〉 and |b〉. The time-
evolution operator for the Hamiltonian H is given by
U(t) = exp(−iHt), and the probabilities for transitions
|a〉 → |b〉 and |b〉 → |a〉 can be defined by Tba(t) ≡
| 〈a|U(t)|b〉|2 and Tab(t) ≡ | 〈b|U(t)|a〉|2, respectively.
They are plotted as functions of time Ωabt in Figs. 2(a)-
2(c). It is clear that Tab(t) ≪ Tba(t) for φ = pi/2,
Tab(t) ≫ Tba(t) for φ = −pi/2, and Tab(t) = Tba(t) for
φ = 0. The isolation for the nonreciprocal transition de-
fined by I(t) ≡ Tab(t)/Tba(t) is plotted as a function of
time Ωabt in Fig. 2(d). One can achieve I(t) > 10
6 for
Φ = −pi/2 and I(t) < 10−6 for Φ = pi/2 at time Ωabt = 1.
3FIG. 2. (Color online) The transition probabilities Tab(t) and
Tba(t) are plotted as functions of the time Ωabt for: (a) Φ =
pi/2; (b) Φ = 0; (c) Φ = −pi/2. (d) The isolation I(t) is
plotted as a function of time Ωabt for Φ = (pi/2, 0,−pi/2).
The other parameters are γa = γb = Ωab/10, γc = 100Ωab,
Ωca = Ωbc = 10Ωab, and ∆cb = ∆ca = ∆ab = 0.
Furthermore, the dependence of the transition proba-
bilities Tab(t) and Tba(t) on the synthetic magnetic flux
Φ is show in Fig. 3(a). At time Ωabt = 1, we have
Tab(t) > Tba(t) for synthetic magnetic flux 0 < Φ < pi; in
the contrast, we have Tab(t) < Tba(t) for synthetic mag-
netic flux −pi < Φ < 0. As shown in Fig. 3(b), under
the resonant condition ∆cb = ∆ca = ∆ab = 0, the op-
timal isolation I(t) is obtained with synthetic magnetic
flux Φ = ±pi/2.
The implementation of cyclic three-level transition.—
To realize a cyclic three-level atom, one ingredient is
breaking the symmetry of the potential of the atom. The
cyclic three-level transition has been proposed and ob-
served in chiral molecules [40–46]. In addition, the po-
tential of the atom also can be broken by applying an
external magnetic field. We can consider a qubit circuit
composed of a superconducting loop with three Joseph-
son junctions [47, 48] that encloses an applied magnetic
flux Φe = fΦ0 (Φ0 ≡ h/2e is the superconducting flux
quantum, where h is Planck’s constant and f ≡ Φe/Φ0
is the reduced magnetic flux). When the reduced mag-
netic flux f is a half-integer, the potential of the artificial
atom is symmetric, and the interaction Hamiltonian has
odd parity. However, when f is not a half-integer, the
symmetry of the potential is broken and the interaction
Hamiltonian does not have well defined parity. In this
case, transitions can occur between any two levels.
Alternatively, cyclic transitions in three-level atom can
be realized by a single nitrogen-vacancy (NV) center em-
bedded in a mechanical resonator [39]. Three eigen-
states (|0〉 and |±1〉) of the spin operator along the NV’s
FIG. 3. (Color online) (a) The transition probabilities Tab(t)
and Tba(t) and (b) The isolation I(t) are plotted as functions
of the synthetic magnetic flux Φ at time Ωabt = 1. The other
parameters are γa = γb = Ωab/10, γc = 100Ωab, Ωca = Ωbc =
10Ωab, and ∆cb = ∆ca = ∆ab = 0.
symmetry axis z (i.e., Sz |m〉 = m |m〉) are selected as
a three-level atom [49, 50]. The two degenerate lev-
els |±1〉 can be split by applying an external magnetic
field along z. We can use microwave magnetic fields to
drive the transitions between |0〉 and |±1〉; the magnetic
dipole-forbidden transition |+1〉 ↔ |−1〉 can be driven by
a time-varying strain field through the mechanical res-
onator [51, 52].
Single-photon nonreciprocal transport.— As an impor-
tant application, we will discuss how to realize a single-
photon nonreciprocal transport between two one dimen-
sional (1D) semi-infinite coupled-resonator waveguides
(CRWs) by nonreciprocal transition effect. We assume
that two 1D semi-infinite CRWs, with creation operators
a†j and b
†
j and frequency ωw,a (ωw,b) for the jth cavity
modes, are coupled by a ∇-type three-level atom (|a〉,
|b〉, and |g〉) with nonreciprocal transition |a〉 ↔ |b〉, as
shown in Fig. 4. Here ga (gb) is the coupling strength
between CRW-a (CRW-b) and the transition |a〉 ↔ |g〉
(|b〉 ↔ |g〉) with frequency ωag (ωbg). The system can
be described by the total Hamiltonian under the rotat-
ing wave approximation Htot =
∑
l=a,bHl + H˜eff +Hint.
Here, in the rotating reference frame with respect to
Hrot = ωag
(∑
j a
†
jaj + |a〉 〈a|
)
+ ωbg
(∑
j b
†
jbj + |b〉 〈b|
)
,
the Hamiltonian Hl for the CRW-l is given by
Hl = ∆l
+∞∑
j=0
l†j lj − ξl
+∞∑
j=0
(
l†j lj+1 +H.c.
)
(5)
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FIG. 4. (Color online) Schematic of two 1D semi-infinite
CRWs connected by a three-level atom characterized by |a〉,
|b〉, and |g〉. CRW-a (CRW-b) couples to the three-level atom
through the transition |a〉 ↔ |g〉 (|b〉 ↔ |g〉) with strength ga
(gb).
with homogeneous intercavity coupling constants ξl and
cavity-atom detunings ∆l = ωw,l − ωlg (l = a, b); the ef-
fective Hamiltonian H˜eff for the ∇-type three-level atom
with nonreciprocal transition |a〉 ↔ |b〉 is obtained from
Eq. (4) with ∆a = ∆b = 0 as
H˜eff = Jab |a〉 〈b|+ Jba |b〉 〈a|
−iΓa |a〉 〈a| − iΓb |b〉 〈b| , (6)
and the interaction Hamiltonian Hint between the 0th
cavity modes and the three-level atom is described by
Hint = gaa0 |a〉 〈g|+ gbb0 |b〉 〈g|
+gaa
†
0 |g〉 〈a|+ gbb†0 |g〉 〈b| . (7)
The efficiency for nonreciprocity transport can be de-
scribed by the the scattering flow [53–56] Il′l for a single
photon from CRW-l to CRW-l′ (l = a, b). The detailed
calculations of the scattering flow Il′l can be found in
the supplementary material [38]. Nonreciprocal single-
photon transport appears when Iba 6= Iab, which implies
that the scattering flow from CRW-a to CRW-b is not
equal to the scattering flow from CRW-b to CRW-a.
First of all, let us find the optimal conditions for perfect
single-photon nonreciprocity, i.e., Iab = 0 and Iba = 1,
analytically. For simplicity, we assume that the two semi-
infinite CRWs have the same parameters, i.e., ξ ≡ ξa =
ξb, k ≡ ka = kb, g ≡ ga = gb, and they are coupled
to the atom resonantly with ∆a = ∆b = 0 and Γ ≡
Γa = Γb. Iab = 0 can be obtained by setting Jab = 0.
Through a simple derivation [38], the condition for Iba =
1 is | sin k| = 1, i.e., k = pi/2 (0 < k < pi), in the case
that |Jba| = 2Γ and g2 = Γξ. This fits the numerical
simulation very well, as shown in Fig. 5(a) and 5(b).
Now let us discuss the width of the wave number for
single-photon nonreciprocity [38]. We define the width
of the wave number ∆k for single-photon nonreciprocity
FIG. 5. (Color online) (a) Scattering flows Iab (black solid
curve) and Iba (red dashed curve), (b) Iaa (black solid curve)
and Ibb (red dashed curve), are plotted as functions of the
wave number k/pi for ξ/Γ = 0.1. (c) Scattering flow Iab is
plotted as a function of the wave number k/pi for different
ξ/Γ. (d) The width of the wave number ∆k for single-photon
nonreciprocity is plotted as a function of log
10
[ξ/Γ] given in
Eq. (8). The other parameters are Jba = 2Γ, Jab = 0, ξ = Γ,
∆a = ∆b = 0, g
2 = Γξ, φ = pi/2.
as the full width at half maximum (FWHM) by setting
Iba = 1/2 for k = khalf ∈ [0, pi/2),
∆k ≡ pi − 2khalf . (8)
Under the conditions |Jba| = 2Γ and g2 = Γξ, there is
a maximum FWHM for single-photon nonreciprocity at
ξ = Γ/2, and the maximum FWHM ∆kmax ≈ 0.81pi is
obtained with khalf = sin
−1(2
√
2 − 1 − 2
√
2−√2), in
excellent agreement with Fig. 5(c) and 5(d).
Conclusion.— In summary, we have shown theoret-
ically that nonreciprocal transition can be observed
between two nondegenerate energy levels. A general
method has been presented to realize nonreciprocal tran-
sition between two nondegenerate energy levels based on
a combination of synthetic magnetism and reservoir en-
gineering. As a simple example, we explicitly show an
implementation involving an auxiliary energy level, i.e.,
a cyclic three-level atom system. A single-photon nonre-
ciprocal transporter has been proposed by the nonrecip-
rocal transition effect. The atom-mediated nonreciprocal
devices based on the nonreciprocal transition are suitable
for applications in building hybrid quantum networks.
The generic method for realizing nonreciprocal transi-
tion can also be applied in quantum acoustodynamical
systems [57–59] to design nonreciprocal phonon devices.
Furthermore, the nonreciprocal transition can also be
implemented in a wide range of physical systems, such
as a four-level atom system [60], two qubits in a one-
dimension waveguide [61], and even qubit arrays [62].
5The nonreciprocal transition can be extended to explore
quantum nonreciprocal physics [63–65] and topological
phases [66] in a single multi-level atom or qubit array.
Besides these, the nonreciprocal transition effect can also
be used to avoid the echo formation in quantum memory
and quantum measurements.
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ADIABATIC ELIMINATION
We consider a cyclic three-level atom (|a〉, |b〉, and |c〉) driven by three classical coherent fields (at rates Ωij , phases
φij , frequencies νij , with i, j = a, b, c and νcb = νab + νca) that is described by a Hamiltonian given by
H˜ = (ωab − iγa) |a〉 〈a| − iγb |b〉 〈b|+ (ωcb − iγc) |c〉 〈c|
+
(
Ωabe
iφabe−iνabt |a〉 〈b|+Ωcbe−iφcbe−iνcbt |c〉 〈b|+Ωcaeiφcae−iνcat |c〉 〈a|+H.c.
)
, (S1)
where ωij is the frequency difference between levels |i〉 and |j〉, and the three levels can decay to the other levels with
the decay rates γi (i = a, b, c).
In the rotating frame respect to the operator
W = e−i(νab|a〉〈a|+νcb|c〉〈c|)t
we have
H = U †H˜U + i
dW †
dt
W
= (∆ab − iγa) |a〉 〈a| − iγb |b〉 〈b|+ (∆cb − iγc) |c〉 〈c|
+Ωabe
iφab |a〉 〈b|+Ωcbe−iφcb |c〉 〈b|+Ωcaeiφca |c〉 〈a|+H.c.,
with the detuning ∆ij ≡ ωij − νij (i, j = a, b, c). By local redefinition of the eigenstates, i.e., e−iφcb 〈b| → 〈b| and
e−iφca |a〉 → |a〉, the Hamiltonian can be rewritten as
H = (∆ab − iγa) |a〉 〈a| − iγb |b〉 〈b|+ (∆cb − iγc) |c〉 〈c|
+
(
Ωabe
iΦ |a〉 〈b|+Ωcb |c〉 〈b|+Ωca |c〉 〈a|+H.c.
)
, (S2)
with the synthetic magnetic flux
Φ ≡ φab + φcb + φca.
Now we consider the transitions between the three levels. The state vector for this three levels at time t can be
written as
|ψ〉 = A (t) |a〉+B (t) |b〉+ C (t) |c〉 . (S3)
The coefficients |A(t)|2, |B(t)|2, and |C(t)|2 denote occupying probabilities in states |a〉, |b〉 and |c〉, respectively. Then
the dynamical behaviors for the coefficients can be obtained by the Schro¨dinger equation, i.e., i ˙|ψ〉 = H |ψ〉, given by
A˙ (t) = (−i∆ab − γa)A (t)− iΩabeiΦB (t)− iΩcaC (t) , (S4)
B˙ (t) = −γbB (t)− iΩabe−iΦA (t)− iΩcbC (t) , (S5)
C˙ (t) = (−i∆cb − γc)C (t)− iΩcaA (t)− iΩcbB (t) . (S6)
2Under the assumption that the decay of the state |c〉 is much faster than decay of the states |a〉 and |b〉, i.e., γc ≫
{γa, γb}, we can adiabatically eliminate the level |c〉 with C˙ (t) = 0 as
C (t) =
−iΩca
γc + i∆cb
A (t)− iΩcb
γc + i∆cb
B (t) . (S7)
By substituting Eq. (S7) into Eqs. (S4) and (S5), then the dynamical equations of A (t) and B (t) become
A˙ (t) = −
[
i
(
∆ab − Ω
2
ca∆cb
γ2c +∆
2
cb
)
+
(
γa +
Ω2caγc
γ2c +∆
2
cb
)]
A (t)
−
[
iΩabe
iΦ +
ΩcaΩcb (γc − i∆cb)
γ2c +∆
2
cb
]
B (t) , (S8)
B˙ (t) = −
[
−i Ω
2
cb∆cb
γ2c +∆
2
cb
+
(
γb +
Ω2cbγc
γ2c +∆
2
cb
)]
B (t)
−
[
iΩabe
−iΦ +
ΩcaΩcb (γc − i∆cb)
γ2c +∆
2
cb
]
A (t) , (S9)
Physically, the effective Hamiltonian representing the Schro¨dinger evolution in Eqs. (S8) and (S9) is given by
Heff = (∆a − iΓa) |a〉 〈a|+ (∆b − iΓb) |b〉 〈b|
+Jab |a〉 〈b|+ Jba |b〉 〈a| (S10)
with effective detunings
∆a ≡ ∆ab − Ω
2
ca∆cb
γ2c +∆
2
cb
,
∆b ≡ − Ω
2
cb∆cb
γ2c +∆
2
cb
,
effective decay rates
Γa ≡
(
γa +
Ω2caγc
γ2c +∆
2
cb
)
,
Γb ≡
(
γb +
Ω2cbγc
γ2c +∆
2
cb
)
,
and effective coupling coefficients
Jab ≡ ΩabeiΦ − iΩcaΩcb (γc − i∆cb)
γ2c +∆
2
cb
,
Jba ≡ Ωabe−iΦ − iΩcaΩcb (γc − i∆cb)
γ2c +∆
2
cb
.
The effective coupling coefficients Jab and Jba are dependent on the synthetic magnetic flux Φ. Under the resonant
condition ∆cb = 0, we have |Jab| < |Jba| for 0 < Φ < pi; conversely, we have |Jab| > |Jba| as −pi < Φ < 0. The perfect
nonreciprocal transition, i.e, Jab = 0 and Jba 6= 0 (or Jba = 0 and Jab 6= 0), is obtained when Φ = pi/2 (or Φ = −pi/2)
with Ωab = ΩcaΩcb/γc.
3SCATTERING FLOW
To study the nonreciprocal single-photon transport, we discuss the scattering of a single photon in the system with
the total Hamiltonian
Htot =
∑
l=a,b
Hl + H˜eff +Hint. (S11)
Here, in the rotating reference frame with respect to
Hrot = ωag

∑
j
a†jaj + |a〉 〈a|

+ ωbg

∑
j
b†jbj + |b〉 〈b|

 ,
the Hamiltonian Hl for the CRW-l is given by
Hl = ∆l
+∞∑
j=0
l†j lj − ξl
+∞∑
j=0
(
l†j lj+1 +H.c.
)
with homogeneous intercavity coupling constants ξl and cavity-atom detunings ∆l = ωw,l−ωlg (l = a, b); the effective
Hamiltonian H˜eff for the ∇-type three-level atom with nonreciprocal transition |a〉 ↔ |b〉 with ∆a = ∆b = 0 is given
by
H˜eff = Jab |a〉 〈b|+ Jba |b〉 〈a|
−iΓa |a〉 〈a| − iΓb |b〉 〈b| ,
and the interaction Hamiltonian Hint between the 0th cavity modes and the three-level system is described by
Hint = gaa0 |a〉 〈g|+ gbb0 |b〉 〈g|
+gaa
†
0 |g〉 〈a|+ gbb†0 |g〉 〈b| .
As the total number of photons in the system is a conserved quantity (without dissipation), we consider the
stationary eigenstate of a single photon in the system as
|E〉 =
+∞∑
j=0
[
ua (j) a
†
j + ub (j) b
†
j
]
|g, 0〉+A |a, 0〉+B |b, 0〉 , (S12)
where |0〉 indicates the vacuum state of the 1D semi-infinite CRWs, ul (j) denotes the probability amplitude in the
state with a single photon in the jth cavity of the CRW-l, and A (B) denotes the probability amplitude in the atom
state |a〉 (|b〉). The dispersion relation of the semi-infinite CRW-l in the rotating reference frame is given by [S1]
E = ∆l − 2ξl cos kl, 0 < kl < pi,
where El is the energy and kl is the wave number of the single photon in the CRW-l. Without loss of generality, we
assume that ξl > 0. Substituting the stationary eigenstate |E〉 in Eq. (S12) and the total Hamiltonian Htot into the
eigenequation Htot |E〉 = E |E〉, we can obtain the coupled equations for the probability amplitudes as
∆aua (0)− ξaua (1) + gaA = Eua (0) (S13)
∆bub (0)− ξbub (1) + gbB = Eub (0) (S14)
− iΓaA+ gaua (0) + JabB = EA (S15)
− iΓbB + gbub (0) + JbaA = EB (S16)
∆lul (j)− ξl [ul (j + 1) + ul (j − 1)] = Eul (j) (S17)
4with j > 0 and l = a, b.
If a single photon with energy E is incident from the infinity side of CRW-l, the ∇-type three-level atom will
result in photon scattering between different CRWs or photon absorbtion by the dissipative of the atom. The general
expressions of the probability amplitudes in the CRWs (j ≥ 0) are given by
ul (j) = e
−iklj + slle
iklj , (S18)
ul′ (j) = sl′le
ik
l′
j , (S19)
where sl′l denotes the single-photon scattering amplitude from CRW-l to CRW-l
′ (l, l′ = a, b). Substituting Eqs. (S18)
and (S19) into Eqs. (S13)-(S17), then we obtain the scattering matrix as
S =
(
saa sab
sba sbb
)
, (S20)
where
saa = D
−1
[
J ′abJ
′
ba −
(
ξae
ika +∆a
) (
ξbe
−ikb +∆b
)]
, (S21)
sba = i2D
−1J ′baξa sin ka, (S22)
sab = i2D
−1J ′abξb sin kb, (S23)
sbb = D
−1
[
J ′abJ
′
ba −
(
ξae
−ika +∆a
) (
ξbe
ikb +∆b
)]
, (S24)
D =
(
ξae
−ika +∆a
) (
ξbe
−ikb +∆b
)− J ′abJ ′ba (S25)
with the effective coupling strengths J ′ll′ and frequency shifts ∆l induced by the ∇-type three-level atom defined by
J ′ab ≡
Jabgagb
(E + iΓa) (E + iΓb)− JbaJab , (S26)
J ′ba ≡
Jbagagb
(E + iΓa) (E + iΓb)− JbaJab , (S27)
∆a ≡ (E + iΓb) g
2
a
(E + iΓa) (E + iΓb)− JbaJab , (S28)
∆b ≡ (E + iΓa) g
2
b
(E + iΓa) (E + iΓb)− JbaJab . (S29)
To quantify the efficiency for nonreciprocity transport, we define the the scattering flow [S2–S4] of a single photon
from CRW-l to CRW-l′, as
Il′l ≡ |sl′l|2 ξl
′ sin kl′
ξl sin kl
, (S30)
where ξl sinkl (ξl′ sin kl′) is the group velocity in the CRW-l (CRW-l
′).
5PERFECT SINGLE-PHOTON NONRECIPROCITY
In this section, we will derive the conditions for perfect nonreciprocal single-photon transport, i.e., Iab = 0 and
Iba = 1, analytically. For simplicity, we assume that the two semi-infinite CRWs have the same parameters, i.e.,
ξ ≡ ξa = ξb, k ≡ ka = kb, g ≡ ga = gb, and they are coupled to the atom resonantly with ∆a = ∆b = 0 and
Γ ≡ Γa = Γb. Iab = 0 can be obtained by setting Jab = 0 or J ′ab = 0. In this case, we have
Iba = |sba|2 =
∣∣∣∣∣ 2iJ
′
baξa sin ka(
ξae−ika +∆a
) (
ξbe−ikb +∆b
)
∣∣∣∣∣
2
=
∣∣∣∣ 2Jbagagbξa sin ka[ξae−ika (E + iΓa) + g2a] [ξbe−ikb (E + iΓb) + g2b ]
∣∣∣∣
2
=
∣∣∣∣∣ 2Jbag
2ξ sin k
[ξe−ik (−2ξ cos k + iΓ) + g2]2
∣∣∣∣∣
2
.
So the condition for Iba = 1 is
2 |Jba| g2ξ |sin k| =
∣∣ξe−ik (−2ξ cos k + iΓ) + g2∣∣2
or
|sin k| =
(|Jba| − Γ) g2 ±
√
(|Jba| − Γ)2 g4 − 4 (g2 − ξ2) [4 (ξ2 − g2) ξ2 + Γ2ξ2 + g4]
4 (g2 − ξ2) ξ .
As a simple example, the maximum scattering flow Iba = 1 can be obtained at the maximum group velocity
|sin k| = 1
with
|Jba| =
(
g2 + Γξ
)2
2g2ξ
.
Furthermore, if
g2 = Γξ,
we have
|Jba| = 2Γ.
MAXIMUM FULL WIDTH AT HALF MAXIMUM
Now, we will derive the maximum full width at half maximum (FWHM) for perfect nonreciprocal single-photon
transport. The half maximum of the scattering flow Iba is given by
Iba = |sba|2 =
∣∣∣∣∣ 2Jbag
2ξ sin khalf
[ξe−ik (−2ξ cos khalf + iΓ) + g2]2
∣∣∣∣∣
2
=
1
2
,
2 |Jba| g2ξ |sin khalf | = 1√
2
∣∣ξe−ik (−2ξ cos khalf + iΓ) + g2∣∣2 ,
or
4
(
g2 − ξ2) ξ2 |sin khalf |2 + 2(Γ−√2 |Jba|) g2ξ |sin khalf |+ 4 (ξ2 − g2) ξ2 + Γ2ξ2 + g4 = 0.
6Under the conditions that |Jba| = 2Γ and g2 = Γξ, we have
2 (Γ− ξ) ξ |sin khalf |2 +
(
1− 2
√
2
)
Γ2 |sin khalf |+ 2 (ξ − Γ) ξ + Γ2 = 0.
Define
η ≡ ξ
Γ
,
then we have
2 (1− η) η |sinkhalf |2 +
(
1− 2
√
2
)
|sinkhalf |+ 1− 2 (1− η) η = 0,
or
|sin khalf | =
− (1− 2√2)±√(1− 2√2)2 − 8 (1− η) η [1− 2 (1− η) η]
4 (1− η) η .
Define
ζ = 4 (1− η) η,
then we have
|sinkhalf | =
− (1− 2√2)±√(1− 2√2)2 − ζ (2− ζ)
ζ
.
The condition for maximum width ∆kmax is
d
dη
|sinkhalf | = d |sin khalf |
dζ
dζ
dη
=
(
2
√
2− 1)2 − ζ − (2√2− 1)√(2√2− 1)2 − 2ζ + ζ2
ζ2
√(
2
√
2− 1)2 − 2ζ + ζ2 [4 (1− 2η)] ,
= 0,
which is satisfied with
η =
1
2
⇒ ξ = Γ
2
.
That is to say, the maximum width ∆kmax is obtained at ξ = Γ/2 with
|sin khalf | = 2
√
2− 1− 2
√
2−
√
2,
and the maximum FWHM ∆kmax is
∆kmax ≡ pi − 2 sin−1
[
2
√
2− 1− 2
√
2−
√
2
]
≈ 0.81pi. (S31)
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